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MORSE INEQUALITIES FOR FOURIER COMPONENTS OF KOHN-ROSSI 
COHOMOLOGY OF CR MANIFOLDS WITH 5^-ACTION 

CHIN-YU HSIAO AND XIAOSHAN LI 


Abstract. Let Y be a compact connected CR manifold of dimension 2n — l,n > 2 with a 
transversal CR -action on X. We study the Fourier components of the Kohn-Rossi cohomology 
with respect to the -action. By studying the Szego kernel of the Fourier components we 
establish the Morse inequalities on X. Using the Morse inequalities we have established on 
X we prove that there are abundant CR functions on X when X is weakly pseudoconvex and 
strongly pseudoconvex at a point. 
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1. Introduction 

The problem of embedding CR manifolds is prominent in areas such as complex analysis, 
partial differential equations and differential geometry. Let X be a compact CR manifold of 
dimension 2?7, — 1, n > 2. When X is strongly pseudoconvex and dimension of X is greater 
than or equal to five, a classical theorem of L. Boutet de Monvel DSD asserts that X can be 
globally CR embedded into C^, for some Af e N. For a compact strongly pseudoconvex 
CR manifold of dimension greater than or equal to five, the dimension of the kernel of the 
tangential Cauchy-Riemmann operator db is infinite and we can find many CR functions to 
embed X into complex space. The classical example of non-embeddable three dimensional 
strongly pseudoconvex CR manifold appears implicitly in the non-fillable example of pseu¬ 
doconcave manifold by Grauert HTSlI . Andreotti-Siu [jT]] and Rossi [f2^ and was explicited by 
Burns [I6|] . In [l24ll it is shown that a compact strongly pseudoconvex three dimensional CR 
manifold which admits an inner S'^-action is the boundary of a compact strongly pseudocon¬ 
vex surface. By Kohn’s result [|23ll . this implies that it is embeddedable in for some N 
(see [121]I for another proof). Bland obtained in ^ that for a CR manifold which admits a 
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Morse inequalities on CR manifolds with action 


free transversal -action will be embedded into complex space if the CR structure admits a 
normal form relative to this 5^-action which has no negative Fourier coefficients. Epstein [1T21 
Theorem A16] proved that a three dimensional compact strongly pseudoconvex CR manifold 
X with a global free transversal CR action can be embedded into by the positive Fourier 
components of CR functions. Since the action is globally free, Epstein considered the quotient 
of the CR manifold by the ^^-action. The action which is CR and transversal implies that the 
quotient is a compact Riemann surface with a positive holomorphic line bundle. Then 
X is CR isomorphism to the circle bundle with respect to the dual bundle of the positive line 
bundle. Using Kodaira’s embedding theorem, Epstein got the embedding theorem of the CR 
manifold by the space of positive Fourier components of CR functions. 

Motivated by Epstein’s work, we will consider a compact CR manifold X of dimension 
dimX = 2n — 1, n > 2 with a transversal CR S' ^-action and study the Fourier components of 
Kohn-Rossi cohomology of dfe-complex on X. The transversal CR S^-action need not to be 
globally free but locally free. We use T to denote the global vector field induced by the Sa¬ 
nction. For m 6 Z and m > 0, we use H^^{X) = {u E C°°{X) : d^u = 0, Tu = imu} to denote 
the m-th positive Fourier component of CR functions (see IfT^ T The embeddability of X by 
positive Fourier components of CR functions is related to the behavior of the S^ action on X. 
For example, if one can find /i G and E (AT),..., E 

such that the map 

-.x EX ^ .. ,fdm{x),gi{x),... ,gh^^{x)) E 

is a CR embedding. The S^-action on X induces naturally a S^-action on und this 

S^-action on ^rn,mi{X) is simply given by the following: 


js 


(yZ\ ,■■■■) ^dm ) ^dm + 1^ ■ ■ ■ y ^dm+hmi ) • • • y 


AmO 


Zdrr 


imie 
I C 


„imi6 \ 

_|_1 ^djji+hyni ) ' 


Thus, if one can embed such CR manifold by positive Fourier components of CR functions, we 
can describe the S^action explicitly. To study the embedding problem of such CR manifold 
by positive Fourier components of CR functions, it is crucial to be able to know 


Question 1.1. When dimHj^ ~ ur" ^ for m large? 

Inspired by Demailly’s holomorphic Morse inequalities on complex manifolds []9[], UTOl] . 
[f27l] and the recent works of the first-named author and Marinescu in [fT9|] , Hsiao [TTTI] . 
[[I8ll and Hsiao-Li Il2^ on the Morse inequalities and Grauert-Riemenschneider criterion on 
CR manifolds, we obtain the Morse inequalities for the Fourier components of Kohn-Rossi 
cohomology of d;,-complex. See Theorem 12.21 and Theorem 12.51 for the main results. 

By the Morse inequalities we have obtained, we will show that a compact weakly pseudo¬ 
convex CR manifolds which admit a transversal CR locally free -action will have abundant 
CR functions if it has a point where the Levi-form is strongly pseudoconvex (see Theorem 12.61 
for the details). This gives an answer of Ouestion ll.il 


1.1. Set up and terminology. Let {X, A'^X) be a compact connected CR manifold of dimen¬ 
sion 2n — 1, n > 2, where A’^X is the given CR structure on X. That is, is a subbundle 

of the complexified tangent bundle CTX of rank n — 1, satisfying (IT^’^X = {0}, where 
youx = and [V, V] C V, where V = C°°{X, 

We assume that X admits a S'^-action: x X —)■ X, (e*®, x) -E- e*® ox. Here, we use e*® (0 < 

9 < 27r) to denote the -action. Set Xreg = {x E X : Ve*® E if e*® o x = x, then e*® = id}. 
We call X E Xj-eg a regular point of the S'^-action and complements of X^g exceptional points. 
For every k eN, put 

(1.1) Xfc := |x G X : e*® o X 7 ^ x, G (0, o x = x| . 


2 



















Chin-Yu Hsiao & Xiaoshan Li 


Morse inequalities on CR manifolds with action 


Thus, Xreg = Xi. In this paper, we always assume that Xreg 7 ^ 0. By the Orbit type stratifica¬ 
tion (see Theorem 1.30 in [l28!l '). there are only finite denoted by Xi, Xk^, • • • , Xk^ which 
are not empty subset of X such that X = XiU Xk^ U ■ ■ ■ U Xk^. 

Let T e TX) be the global real vector field induced by the -action given as follows 


( 1 . 2 ) 


(T«)(x) 


A 

m 


(^(e*® o x)) 


,u e C°°{X). 
e=o 


Definition 1.2. We say that the -action e*® (0 < 6 ^ < 27rJ is CR if 

(1.3) [T, C°°{X, T^’°X)] C C°°{X, 

where [, ] is the Lie bracket between the smooth vector fields on X. Furthermore, we say that the 
-action is transversal if for each x E X, 

(1.4) €T{x) © Tf\X) © T°’^X = CT,X 


Remark 1.3. The S^-action on X is said to be a locally free group action ifT{x) 7 ^ 0/or every 
X E X. By 111.41 ). T{x) will not vanish at any point x E X, thus the transversal CR S^-action 
defined in Definitior il.2\ is a locally free group action. For the knowledge of group action, we 
refer readers to [|28]] . IfTSlI . The classical example of compact CR manifolds with transversal CR 
S^-action is the circle bundle with respect to a Hermitian line bundle over a compact complex 
manifold. However, there are many examples of compact CR manifolds with transversal CR 
S^-action which are not circle bundle. 

For example, let X = {( 2 : 1 , 2 : 2 ) G : \zi\‘^ + {zj + 2 : 2 / + \z 2 f = 1} which is a compact CR 
manifold with the following transversal CR -action 

X X 5^ — )■ X, (^ 1 , Z 2 ) -E- (e^'^zi, Z2'). 

The S^-action defined above is locally free and free on a dense, open, connected open subset 

{{zi,Z2) EX : Zij^O}. 


In general, we have the following 

Lemma 1.4. Let X be a compact connected CR manifold with transversal CR locally free S^- 
action. Then X^g is an open, dense subset of X. Moreover, the measure of X \ X^g is zero. 

The proof of Lemma [T~4l is a direct corollary of Proposition 1.24 in [f28ll and similar results 
can be found in [ITT]] . For the convenience of readers, we will prove Lemma 11.41 in the 
appendix. 

We assume throughout that (X, T^’°X) is a compact connected CR manifold with a transver¬ 
sal CR locally free -action and we denote by T the global vector field induced by the S^- 
action. Let ooq e C°°(X, T*X) be the global real 1-form determined by { wq , m ) = 0, for every 
u E Ti’0X©T0’iX and (wo, T) = -1. 


Definition 1.5. For x E X, the Levi-form associated with the CR structure is the Hermitian 
quadratic form on T/°X defined as follows. For any U,V E Tf^X, pick U,V E C°°{X, T^’°X) 
such thatUfx) = U,V{x) = V. Set 

(1.5) C,{U,V) = ^f[U,V]{x),uo{x)) 

where [, ] denotes the Lie bracket between smooth vector fields. Note that Cx does not depend on 
the choice ofU and V. 


Definition 1.6. The CR structure on X is called pseudoconvex at x E X if Cx is positive semi- 
definite. It is called strongly pseudoconvex at x if Cx is positive definite. If the CR structure 
is (strongly) pseudoconvex at every point of X, then X is called a (strongly) pseudoconvex CR 
manifold. 
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Denote by T*^’^X and the dual bundles of T^’°X and T°’^X, respectively. Define 

the vector bundle of (0, g)-forms by T*°’'?X = A'?T*°’^X. Let D c X be an open subset. Let 
denote the space of smooth sections of T*°’'^X over D and let Qq’'^{D) be the subspace 
of whose elements have compact support in D. 

Fix 6^0 e [0, 2n). Let 

de*®'’ : CT^X ^ CT^iOo^X 

denote the differential map of : X —)■ X. By the property of transversal CR action, we 
can check that 


( 1 . 6 ) 


: Tf^X ^ T\i X, 

X e^^Oox ’ 

: Tf’^X ^ T^:} X, 

X e^^Oox ’ 

de^^°{T{x)) = T(e*'^° ox). 


Let (de*'^°)* : A'?(CT*X) —)■ A'?(CT*X) be the pull back of de^^°, q = 0,1- ■ ■ ,n — l. From (II.6D . 
we can check that for every g = 0,1, • • • ,n — 1 

(1.7) {de^^r ■■ T*JelX ^ Tf^^X. 

Let u G r2°’'?(X). Define Tu as follows. For any Xi,... , Xg G Tf^X, 

(1.8) Tm(Xi, ... , Xg) := ^ {{de^^uiX,, • • • , Xg)) . 

Ou 8=0 

From (II.7D and (II.8D . we have that Tu G (X) for all u G (X). See the discussion 
before Lemma 11.191 for another way to define Tu. 

Let db : 17°’^ (X) —>■ 17°’'?+^ (X) be the tangential Cauchy-Riemann operator. It is straightfor¬ 
ward from (II.6D and (II.8D to see that 

(1.9) = dfT on 17°’'?(X) 

(see also (I1.40D ). For every m G Z, put Ll^{X) := {u G 17°’'?(X) : Tu = imu}. From (II.9D we 
have the 9b-complex for every m G Z: 

( 1 . 10 ) % : ... ^ ^ ^ ^ . 

For every m G Z, the g-th db cohomology (or Kohn-Rossi cohomology) is given by 

Kera,:ti^-(A)^tiy‘(A) 

' Im9,:nS;''-‘(A)^Sjfe’(A) ' 

The starting point of this paper is that without any Levi curvature assumption, for every 
m G Z and every g = 0,1,2,..., tt, — 1 we have 

(1.12) dimif^^„^(X) < cx). 

Definition 1.7. We say that a function u G C°°{X) is a Cauchy-Riemann (CR for short) function 
ifdbU = 0 or in the other word, Zu = 0/or all Z G C°°(X, T^’°X). 


For m G Z, when g = 0, H^^{X) is the space of CR functions which lie in the eigenspace 
of T and we call i7°„^(X) the m-th Fourier component of CR functions. 


1.2. Hermitian CR geometry. We need 


Definition 1.8. Let D be an open set and let V G C°°{D, CTX) be a vector field on D. We say 
that V is T-rigid if 

(1.13) de^^°{V{x)) = V(C^° o x) 

for any x, 6 q g [0,27r) satisfying x e D, o x e D. 
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Definition 1.9. Let (-I-) be a Hermitian metric on CTX. We say that (-I-) is T-rigid if for T-rigid 
vector fields V, W on D, where D is any open set, we have 

(1.14) {V{x)\W{x)) = oa:)|(rfe*^W)(e*®“ oa:)),Va: e 0,00 e [0,27r). 

Lemma 1.10 (Theorem 9.2 in IfTSU ). Let X be a compact connected CR manifold with a 
transversal CR S^-action. There is always a T-rigid Hermitian metric (-I-) on CTX such that 
T_L(T^’°X © T^’^X), (T|T) = 1 and {u\v) is real ifu, v are real tangent vectors. 


From now on, we fix a T-rigid Hermitian metric (-I-) on CTX satisfying all the properties 
in Lemma fl.lOi The Hermitian metric (-I-) on CTX induces by duality a Hermitian metric on 
CT*X and also on the bundles of (0, g)-forms g = 0, 1 ■ ■ ■ , n — 1. We shall also denote 

all these induced metrics by (-I-). For every v G T*^'^X, we write \vf := (v|v). We have the 
pointwise orthogonal decompositions: 

CT*X = T*^’^X © T*^’^X © {Awo : A e C}, 

(1-15) 

CTX = © T^’^x © {AT : A e C}. 

For any p G X, locally there is an orthonormal frame (t/i,..., Un-i} of T^’°X with respect 
to the given T-rigid Hermitian metric {■ |■) such that the Levi-form Cp is diagonal in this frame, 
Cp{Ui, Uj) = Xjdij, where 6ij = lif i = j, 6ij = 0 if z 7 ^ j. The entries (Ai,..., A„_i} are called 
the eigenvalues of Levi-form at p with respect to the T-rigid Hermitian metric (■ | •). Moreover, 
the determinant of Cp is defined by det Cp = Xi{p) ■ ■ ■ Xn-i{p). 

Let (■ I ■) be the inner product on induced by (• | ■) and let H-H denote the 

corresponding norm. Then for all u,v e 


(1.16) 


{u\v) = / {u\v)dvx, 


' X 


where dvx is the volume form on X induced by the T-rigid Hermitian metric. As before, for 
m G Z, we denote by 

(1.17) = {ue Lf’\X) : Tu = imu] 

the eigenspace of T. Let ,^{X) be the completion of with respect to (-I-). For 

m G Z, let 

(1-18) : LlJX) ^ 

be the orthogonal projection with respect to (-I-). Then for any u G 

= — [ u(C^ o x)e-^^^de. 

27r 

By using the elementary Fourier analysis, it is straightforward to see that for any m g H°’'^(X), 

N 

(1.19) ^ QmU —)■ M in C°° topology as iV —)■ co. 

m=—N 

Thus for every u G Lf „)(X), 


N 


( 1 . 20 ) 


^ ^ M in as iV ^ cx). 


m=—N 
N 


If we denote the lim ^ Qm U by E u, then we write u = E Qm U. Thus, we have 

meZ meZ 


u by ^ ' mC),, tato TAT-ni-o A# — \ ' mC), 

1 

the following Fourier decomposition: 

( 1 . 21 ) ^^{l»J(X),L%JX) = 


mez 


m&Z 
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By (ll.llD and (I1.21D . we have the following Fourier decomposition of the g-th Kohn-Rossi 
cohomology (see (1.39) in [[23l) 

(1.22) = 

Let dl : ^ be the formal adjoint of db with respect to (-I-). Since the 

Hermitian metrics (-I-) are T-rigid, we can check that 

(1.23) Tdl =dlT onQ°'%X),yq = !,■■■ ,n-l 
and from (I1.23D we have 

(1.24) dl : (1^«+'(A') ^ e Z. 

Put 

:= AX + Xdb : ^ 

Combining (II.9D . (I1.23D and (I1.24D . we have 

(1.25) =ni‘'^Tonfl°’‘'(X),Vg = 0,l,-- - ,n-l 
and (I1.25D implies that 

(1.26) : nl\X) ^ e Z. 

We will write to denote the restriction of every m E Z, we extend 

to by 

(1-27) : Dom(ni^i) C ^ 

where Dom(n[^^) = {u E E in the sense of distribution}. 

The following result follows from Kohn’s L^-estimate (see Theorem 8.4.2 in llTlI). 

Theorem 1.11. For every s G No := N U {0}^ there exists a constant Cg > 0 such that 

(1.28) ||m||,+i < C, {\0fX\\s + ||Tm||, + ||m||,) , Vm e 

where || ■ \\s denotes the standard Sobolev norm of order s on X. 

From Theorem II.Ill we deduce that 

Theorem 1.12. Fix m E Z, for every s G No^, there is a constant Cs,m > 0 such that 

(1-29) ||m||.+i < Cg^m (iPliwIls + \\u\\g) , Vm g nq{x). 

From Theorem 11.121 and some standard argument in functional analysis, we deduce the 
following Hodge theory for (see Section 3 in HSU) 

Theorem 1.13. Fix m E Z. : Dom(n[yi) c -e q^^.^jX) is a self-adjoint 

operator. The spectrum of <i^^oted by Spec(n[^^) is a discrete subset of [0, cx)). For every 
A G Spec(n[^,^) the eigenspace with respect to A 

(1.30) Kn.x(X) = {“ e Dom(ng.) : « = Xu] 

is finite dimensional with 'Hl^^{X) c Fl'q{X) and for A = 0 we denote by FLl^iX) the har¬ 
monic space FLI^q^X, L^) for brevity and then we have the Dolbeault isomorphism 

Cl-31) HIJX) - HlJX). 

In particular, from (\1.31d we have 

(1.32) dimH^qX) <cx),VmGZ,V0<g<n — 1. 
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Remark 1.14. We would like to mention that transversal property (\1.4^ of the S^-action is 
a necessary condition for the finite dimension of dimH^^{X). In fact, we have the following 
counterexample when the S^-action is not transversal. Let 

X = := {(^1, Z 2 ) ^ : \zif + = !}• 

The S^-action on X is defined by e*® o {zi,Z2) = {e^^zi,e~^'^^Z2),n > 1. Let T be the global 
induced vector field. By definition 

rr. f d _ d d _ d \ 

^ = M --h nz2^— . 

y UZ\ (JZ\ (xZ2 C)Z2 J 

We can check that T is not transversal to T^’^X 0 T^’^X and thus the S^-action defined above 
is not transversal. Moreover, we have dimif°^(X) = 00 . This is because the functions {uk = 

A; = 1,2,3,...} C when restricted on X. 

1.3. Canonical local coordinates. In this work, we need the following result due to Baouendi- 
Rothschild-Treves, (see Proposition 1.2. in [12111. 


Theorem 1.15. Let X be a compact CR manifold o/dimX = 2n — l,n > 2 with a transversal 
CR S^- action. Let (-I-) be the given T-rigid Hermitian metric on X. For every point xq G X, 
there exists local coordinates {xi, • • • , X 2 n-i) = {z, 6) = (zi, • • • , Zn-i, Q), Zj = X 2 j-i + ix 2 j,j = 
1, • • • , n — 1, X 2 n-i = 0, defined in some small neighborhood D = {{z,6) : | 2 ;| < e, |6'| < 5} ofxo 
such that 


(1.33) 


, d .d(p{z) d . 

dzj ^ 


i,-- 


,77,-1 


where {Zj{x)}^^l form a basis ofTf^X,for each x e D and ip(z) G is independent 

of 9. Moreover, on D we can take {z,6) and p so that {z(xo),9(xo)) = (0,0) and p{z) = 

n—1 

^ Xj\zjf + 0{\z\^),y{z, 9) G D, where are the eigenvalues ofLevi-form of X at xq with 

i=i 

respect to the given T-rigid Hermitian metric on X. 


Remark 1.16. Let D be as in Theorem \1.15\ We will always identify D with an open set of 
]^ 2 n-i jj canonical local patch and {z, 9, p) canonical coordinates. The constants 

e and 6 in Theorem \1.15\ depend on xo. Let xq G D. We say that {z, 9, p) is trivial at xo if 

n—1 

{z{xo),9{xo)) = (0,0) and p{z) = ^j\zjf + 0{\zf), where {Xj}'^zl are the eigenvalues of 

i=i 

Levi-form of X at xq with respect to the T-rigid Hermitian metric (■ | ■). 


Lemma 1.17. Let xq G Xreg. Then we can find canonical coordinates {z,9,p) defined in D = 
{{z, 9) : |2;| < £0, l^'l < vr} such that {z, 9, p) is trivial at xq . 

Proof Let {z,9,p) be any canonical coordinates defined in Di = {{z,9) : |2;| < Si, |6*| < 5} 
such that {z, 9, p) is trivial at xq. We identify Di with an open neighborhood of xq. It is clear 
that 


(1.34) e** o [zi, 0) 7^ {z 2 , 0), VO < \t\ < 5, \zi\ < Si, |2;2| < £1. 

We claim that 

(1.35) 

There is a 0 < £0 < such that e** o (zi, 0) 7^ {z 2 , 0), V| < f < 27r — l^il < £0, \z 2 \ < ^o- 
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If the claim is not true, for every j G N, we can find zij, Z 2 j G 6j G M with \zij\ < y, 

1 ^ 2 ,j\ < y, I < < 27r — I such that 

(1.36) o = {z2j,0), j = 

From (I1.36D . we get o (0,0) = (0,0), for some f < 6*o < 27r — But xq G Xreg, we get a 
contradiction. The claim follows. 

Let 0 < £o < be as in (I1.35D . Consider the map 

$ : G : 1^1 < £o} X G M : |0| < vr} ^ X, 

{z,e) I—^ e*® o (z, 0). 

We claim that $ is injective. If o [zi, 0 ) = o [z2, 0 ), for some \zi\ < Eq, \z2\ < Eq, |6'i| < vr, 
|6*2| < vr. We have o (zi, 0 ) = (2:2,0). We may assume that 9i > 6*2. From (I 1 . 35 D . 

we see that 0 < 61 — 62 < | or 27 r — | < 0i — 62 < 2 tt. If 27 r — | < 6^1 — 02 < 2 ti. Then, 

— f < 01 — 02 — 27 r < 0 and £*(^'1-^2-277) ^ = (2:2,0). By (I 1 . 34 D . we get a contradiction. 

We must have 0 < 0 i — 02 < |. From (I 1 . 35 D . we deduce that 0 i = 62 and zi = 2:2. Thus, <F is 
injective. When |2:| < Eq, we can extend 0 to | 0 | < vr by $. The lemma follows. □ 

In the proof of Theorem l2.ll we need the following 

Lemma 1.18. Let xq G Xk, fc G N, fc > 1. For every e > 0, e small, we can find canonical 

coordinates (z, 0, <p) defined in = {{z, 0) : | 2 ;| < £ 0 , |(*l < f ~ that ( 2 :, 0, <p) is trivial at 

Xo. 

Proof Let ( 2 :, 0,(p) be any canonical coordinates defined in Di = {( 2 :, 0) : | 2 :| < Ei, |0| < 5} 
such that {z, 0, <p) is trivial at xq. We identify Di with an open neighborhood of xq. It is clear 
that 

(1.37) o (zi, 0 ) 7 ^ ( 2 : 2 , 0 ), VO < |i:| < 5, |zi| < £ 1 , 1 ^ 2 ! < £i- 

Fix e > 0, e small. We claim that 

(1.38) 

There is a 0 < £0 < such that e** o [zi, 0) 7 ^ (^ 2 ,0), V| < t ^ [ 2 : 1 1 < £ 0 , 1^2] < £o- 

If the claim is not true, for every j G N, we can find zi^, Z 2 j G 6j G M with \zij\ < 

\z 2 ,j\ < f, I < 0 i < X - f such that 

(1.39) o {z,,,, 0) = iz 2 ,,, 0), J = 1, 2, .... 

From (I1.39D . we get o (0,0) = (0,0), for some f < 0o < x “ f• ^ ^ 

contradiction. The claim follows. 

Let 0 < £0 < be as in (I1.38D . Consider the map 

e : kl < £ 0 } X {0 G M : |0| < ^ - e} ^ X, 

k 

(y 0) I—^ e*® o (y 0). 

We claim that <l>e is injective. If o ( 2 : 1 , 0 ) = o ( 2 : 2 , 0 ), for some | 2 :i| < £ 0 , 12 : 2 ! < 

|0i| < I — e, |02| < I — e. We have o (y,0) = (2:2,0). We may assume that 0i > 62 

and hence 0 < 0i — 02 < x ~ 3e. From (I 1 . 38 D . we see that 0 < 0i — 02 < f . From (I 1 . 37 D . 
we deduce that 0i = 62 and 2:1 = 2:2. Thus, <l>e is injective. When |2:| < £0, we can extend 0 to 
|0| < I — e by <l>e. The lemma follows. □ 

By using canonical coordinates, we get another way to define Tu^'iu G (X). Let D be 
a canonical local patch with canonical coordinates ( 2 :, 0 ,(p). By (I 1 . 33 D . {dzjj'Jll is the dual 
frame of {Zjj'Jll. For a multi-index J = (ji ,... ,jq) G {1,2,..., n}*? we set \J\ = q. We say 
that J is strictly increasing if 1 < ji < 72 < • • • < jq < n. We put dz'^ = dzj^ A dzj^ A • • ■ A dzj^. 
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It is clearly that {dz'^, \J\ = q,J strictly increasing} is a basis for for every x e D. Let 

u G On D, we write u = Y^\j\=qUjdz^, where the notation means the summation 

over strictly increasing multiindices. Then on D we can check that 


Tu = Tujdz'f dfTu = Td^u. 
kl=9 


(1.40) 


Lemma 1.19. Fix xq G X and let D = D x C x R be a canonical local patch 

with canonical coordinates (z, 6, p) such that [z, 6, p) is trivial at xg- We can find orthonormal 
frame o/T*°’^X with respect to the fixed T-rigid Hermitian metric such that on D = 

D X (—5, df we have e-^(x) = e^z) = dzj + 0{\z\),'ix = {z,6) G j = 1, • • • , n — 1. Moreover, 
if we denote by dvx the volume form with respect to the T-rigid Hermitian metric on CTX, 
then on D we have dvx = X{z)dv{z)d6 with X{z) G C°°{D,M.) which does not depend on 6 and 
dv{z) = 2^~^dxi ■ ■ ■ dX 2 n- 2 - 

Proof From the definition of the T-rigid Hermitian metric, we can check that the inner prod¬ 
uct {dzk\dzj) does not depend on 6. We denote by = {d'Zk\d'Zj) on D. Taking coordinate 

transformation of 2 ; = {zi,..., Zn-i) if needed such that g^^^xg) = d^j- By Gram-Schmidt 
process, we can find an orthonormal frame of Write = 

1,... ,n — 1. Since g^^{z) = {d'Zk\d'Zj) does not depend on 9 on D, we can check that co¬ 
efficients {hpk}i<j^k<n-i do not depend on 6. Then e-^(x) = dzj + 0{z). Since —ojg{z,6) = 
dO + 9)dzj + aj{z, 6)dzj) and {e^,..., e^~^,ujg} is an orthonormal frame of CTX 

over D, then the volume form on D is defined by dvx = \f-^ ^e^Ae^A-•-Ae" ^Ae” ^A(—Wq). 
The lemma follows. □ 

Remark 1.20. For any xg e X, let D = D x (—5,5) be a canonical local patch with canonical 
coordinates {z,9,(p) such that {z,9,(p) is trivial at xg. Here, D = {z e C"“^ : | 2 ;| < e}. 
We identify D with an open subset of with complex coordinates z = ( 2 ^ 1 ,..., Zn-i)- Since 
{dzjj^ll ^ a/rame o/T*°’^X over D, we will treat them as the frame ofT*^’^D which is the 
bundle of (0, l)-forms over the domain D. Let {g'^^{z)) be the Hermitian matrix defined in the 
proof of Lemma [T. 1 91 Then we define a Hermitian metric on T*^’^D given by {g’^Y^))]kLi with 
{(Lzkldzj) = g^f We also denote by (-I-) the Hermitian metric on T*^'^D. By duality, it will 
induces a Hermitian metric on T^’^D. We extend the Hermitian metric to CTD and T*°’^T) 
in the standard way and denote all the Hermitian metrics by (-I-). Then {eYz)}jIi defined in 
Lemma \1.19\ is also an orthonormal frame ofT*^’^D. With respect to the given Hermitian metric 
on T*^’^D, the volume form on D is given by X{z)dv{z). Here, X{z) G C°°{D,M.) is the function 
defined in Lemma 11.191 

1.4. The scaling technique. In this section, we will recall the scaling technique in QS]], de¬ 
veloped in [11911 . [|20ll . IfTTH and [|22il . Fix xg G X, we take canonical local patch D = 
D X {—d,d) = {{z,6) : | 2 :| < e, \9\ < 5} with canonical coordinates {z,9,ip) such that {z,9,ip) 
is trivial at xg. In this section, we identify D with an open subset of with com¬ 

plex coordinates 2 : = (zi, ..., Zn-i)- Let Li G T^’°I), • • • , Ln-i G T^’^D be the dual frame of 
e^, • • • , with respect to the Hermitian metric (-I-) defined in Remark ri.20l The Hermitian 
metric {-I-) on T we have chosen in Lemma [1.19! and Remark fl. 201 implies that 



(1.41) 


for j,t = 1, ..., 2n — 2, and in the coordinates 2 : = ( 2 : 1 , ..., Zn-i), Lj = ^ + 0{z),j = 


1 , where ^ = 
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Let M c be an open set. Let be the space of smooth (0, g)-forms on M and let 

LIq'^(M) be the subspace of whose elements have compact support in M. Let {■\-) 2 ip 

be the weighted inner product on the space LIq’'^{D) defined as follows: 

(1.42) (/!<,)= I{f\g)e-^^^‘^\{z)dv{z) 

J D 

where f,g& and A( 2 ;) is as in Lemma [1.19[ We denote by g)(-D, 2ip) the completion 

of L 2 q^(£)) with respect to (■|■)2^/3• For r > 0, let Dr = {z ^ : |^| < r}. Here {z G : 

|z| < r} means that {z G : \zj\ < r,j = 1, - ■ ■ ,n — 1}. For m G N, let Fm be the scaling 
map Fm{z) = (^,..., 2 : G Aogm- From now on, we assume m is sufficiently large such 

that Fm,{Diogm) (E D. We define the scaled bundle F^T*^’‘^D on Diogm to be the bundle whose 
fiber at 2 ; G .Diogm is 

(1.43) (^) ' ^ ^ strictly increasingj . 

We take the Hermitian metric on F^T*^’‘^i) so that at each point z G Aogm, 


(1.44) 



I J| = q,J strictly increasing| 


is an orthonormal frame for F^T*^’’^D on Diogm- 

Let F^D^’'^{Dr) denote the space of smooth sections of Ff^T*^’'^D over Dr and let D,^Dg’^(Dr) 
be the subspace of F^D^’’^{Dr) whose elements have compact support in Dr- Given / G 
D°’'^(Dr). We write / = Yl'\j\=q fj^^- ^0 define the scaled form Ff^f G D,^D°’^(Diogm) by 


(1.45) 


^mf j|=g 


^z ^ D\^ 


For brevity, we denote Ff^f by /(^). Let D be a partial differential operator of order one on 

2n-2 

Dm (Diogm) with D°° coefficients. We write D = ^ aj{z)-^. The scaled partial differential 

i=i ^ 

operator D(m) on Djogm is given by D(m) = ^ D°°(Dm(Diogm))- We can 

check that 


(1.46) 


n™)(C/) = -!=K(Pf) 


m 


Let d : D°’^(D) —)■ D°’'?+^(D) be the Cauchy-Riemmann operator and we have 


n—1 n—1 

^ (^) {z) ^y 

i=i i=i 


where (e^ (z) A)* : T*^’’^D —)■ ^D is the adjoint of ej {z) A with respect to the Hermitian 

metric (.I.) on T*^'^D given in Remark [1.201 j = 1,...,n — 1. That is. 


Cj {z) A u 


V ) = [u 


A)^ 


for all u G ^D, v G T*'^'^D. 

The scaled differential operator c)(m) : (Diogm) —>■ (Diogm) is given by 


(1.47) 



n—1 


A Lz 


1 




\/m 


i=i 



A 
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Similarly, (e, (A ) : F^T*^’'^X —)■ is the adjoint of e,- ( -f=] A with respect to 


, j = 1,..., n — 1. From (I1.46D and (I1.47D , dtrn) satisfies that 


(1.48) 


d^^)FU = V/ e Q^^%FUDio,m)). 


Let {■\-) 2 mF;^ip be the weighted inner product on the space {Diogm) defined as follows: 

(1.49) = f {f\g)F^e-^-^-^X{^)dv{z). 

7Aogm 

Let {Diogm) —^ be the formal adjoint of 9(m) with respect to 

{■\-) 2 mF^>fi- Let ; Yl^’i+^i^D) —)■ be the formal adjoint of d with respect to the 

weighted inner product {■\-) 2 nnp- Then we also have 

(1.50) a;„,F,;/ = f=F;,xT^'^s), v/ e !i»'-(F„(A.g„)). 

We now define the scaled complex Laplacian —)• F^VF^'^{D\ogm) which is 

given by Then Q1.48D and (| 1.50 [) imply that 

(1.51) □“a;/ = LF;(agi,/),v/ € 

lit 

Here, 

(1.52) ^ 

is the complex Laplacian with respect to the given Hermitian metric on T*^''^D and weight 
function 2mip{z) on D. Since 2mF^(p = 2^o{z) + -^0{\z\^),\/z G iliogm, where $ 0 ( 2 :) = 

YJj=l \have 

(1.53) lim sup |a“( 2 mF,;(p - 2%) \ = 0, Va G 

m^oo ^ 

^log m 

Consider C"“^. Let (■|•)c"-l be the Hermitian metric on 

{(Lz'^ : I J| = g, J is strictly increasing} 

is an orthonormal basis. Let (■|■) 2 ■I-o be the inner product on Hq’'^(C”“^) given by 

(1.54) (/ls)2»„=/ {/|9)e-“«W<i,A). /,9 6Slil’’(C"-'). 

JC"-i 

Put 

(1.55) ^ 

where is the formal adjoint of d with respect to (■|■) 2 ^>o• 

From (I1.53D . it is not difficult to check that 

(1.56) + e^Vm on Aogm, 

where Vm is a second order partial differential operator and all the coefficients of Vm are 
uniformly bounded with respect to m in ^^(Diogm) norm for every p G No and is a se¬ 
quence tending to zero as m —)■ cx). By the convergence property of (I1.53D and (I1.56D . we 
have Garding’s inequality for elliptic operator 
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Proposition 1.21. For every r > 0 with D 2 r C -Diogm cmd s G there is a constant Cr^s > 0 
independent of m and the point xq such that 


(1.57) 


\\u 


|2 

0-KKl TP* . 




< n. 


for all u e where \\u\\2^f* ^ ^ is the weighted Sobolev norm of order s with 

respect to the weight function 2mF^(p which is given by 


(1.58) 
where u 


■u 


2mF^(fi,s,Dr 


E' 

f ^ r 


aeN^-Ma|<.,|J|=g J 


\/m 




2. Morse inequalities on CR manieolds 

Let /i,..., fdrr, be Rn orthonormal basis of The Szego kernel ofis defined 
by 

dm 

(2.1) n!;,(i):=^l/,(x)l^ 

i=i 

It is easy to see that 11^ (x) is independent of the choice of the orthonormal basis and 

(2.2) dimHlJX) ^ [ n-Jx)dvx. 

J X 

We denote by X (q) a subset of X such that 

X{q) := {x e X : Cx has exactly q negative eigenvalues and n — 1 — q positive eigenvalues}. 

Recall that for every fc G N, is given by (11.11) . The following is our first technical result. 

Theorem 2.1. Let X be a compact connected CR manifold with a transversal CR -action. For 
every q = 0,1,2,... ,n — 1, we have 

(2.3) sup{m“^"'“bn^(^ 2 ;) : m G N, X G X} < oo 
and for every fc G M with X^ 0^ we have 

(2.4) limsupm"(”"bn^(a;) < ciet£a;| ■ lx(g)((r), Vx G X^, 

m^oo 271 ^ 

where lx{q){x) denotes the characteristic function of the subset X (q) c X and Cx is theLevi-form 
defined in Definition \1.5\ 

In particular, for every q = 0,1,2,... ,n — 1, we have 

(2.5) limsupm"(’^"bn^('a;) < ■ lx(q){x),\/x G Xreg. 

2.1. Main results. From Lemma [T~4l and Theorem 12.11 and by Fa ton’s lemma we obtain the 
weak Morse inequalities 

Theorem 2.2 (weak Morse inequalities). Let X be a compact connected CR manifold with a 
transversal CR -action. Assume that dim^X = 2?7, —1, n > 2. Then for every q = 0,1,2,...,n- 
1, we have 

TTl^ ^ f 

(2.6) dimiy^^(X) < / \ del Cx\dvx{x) +o(m""^),m -)■ cx). 

Jx(q) 

From Theorem 12.21 we deduce Demailly’s weak holomorphic Morse inequalities (see If9i 
Theorem 0.1] and ll^ Theorem 1.7.1]): 


12 

















Chin-Yu Hsiao & Xiaoshan Li 


Morse inequalities on CR manifolds with action 


Corollary 2.3 (Demailly’s weak morse inequalities). Let M he a compact Hermitian manifold 
of dimension dimcM = n and let {L,h^) be a Hermitian line bundle over M. Then for q = 
0,1,2 ,...,n 

(2.7) dim<—— / \ det7l^\dvM{x) + k ^ oo, 

JM(q) 

where denotes the q-th d-cohomology group with values in L^, dvM is the induced 

volume form on M, x e M is the Chern curvature of the Hermitian line bundle (L, h^) and 
M{q) is a subset of M where LZ^ has exactly q negative eigenvalues and n — q positive eigenvalues. 

Proof We take X to be the circle bundle {v e L* : lul^-i = 1} over the compact complex 
manifold M where (L*, h~^) is the dual line bundle of Hermitian line bundle (L, h) over M. 
Let (z. A) be the local coordinates on L*, where A is the fiber coordinates. The natural S^- 
action on X is defined by o ( 2 ;, A) = ( 2 ;, e*®A). Then we can check that X is a compact 
CR manifold with a transversal CR -action. On X we can check that Cx\t^.ox = \TZ^ 
where x = (^, A). It is well known that (see |f^ p.746]. Theorem 1.2 in l^) for k e N, 
dimW|(M, = dimHh^iX). From we have 

dimW|(M,L'=) = dimW^^;,(X) 

fc"' L 

- J ^ ^x\dvx{x) + o{k^) 

/„,,, I + o(n 

k^ L 

- / |det7^^|d^;M(a:)+ o(A:'^). 

(27r) JM{q) 

Thus, we get the conclusion of Corollary 12. 3 1 □ 

It should be noticed that the relation between sections of the holomorphic line bundle 
and function theory on the associate Grauert tube was first observed by Grauert Ifl4ll . The 
isomorphism of the subcomplex db) to the Dolbeault complex L”^), d) was 

established by Ma-Marinescu [l2^ p.746]. 

For cr > 0, we collect the eigenspace of whose eigenvalue is less than or equal to a 
(see Theorem II.131) and define 

C2.9) 

A<(t 

The Szego kernel function of the space is defined by (x) = \9i{x)\\ 

where ^^7 orthonormal basis for the space TLl^ <mcri^)- ^ur second main tech¬ 

nique result is the following 

Theorem 2.4. For any sequence Vm > d with —)■ 0 as m —)■ 00 , there exists a constant C > 0 

independent of m and x G X such that 

(2.10) VmeN, Vx e X. 

Moreover, there is a sequence 6^ > 0,5™, — )■ 0 as m —)■ 00 , such that for any sequence Vm > d 
with lim ^ = d, we have 

m -^00 

(2.11) = ^1 det£^| ■ lx(g), Vx G X^eg. 
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Since the measure of X \ Xreg = 0^ integrating l\2.11D and by Patou’s Lemma we have 

(2.12) dimHf ^^^^iX) = —^ / | det Ca,\dvx{x) + ^ cx). 

Jx(q) 

From Theorem l2.4l and the linear algebraic argument from Demailly in fl^l, IfTOll and Il25ll . 
we obtain the strong Morse inequalities 

Theorem 2.5 (strong Morse inequalities). Let X be a compact connected CR manifold with a 
transversal CR S^-action. Assume that dirngX = 2?7, — 1,n > 2. For every q = 0,1,2,... ,n — 1, 
as m ^ oo, we have 

(2.13) |det£,|<i«x(i)+o(m”-‘). 

i=0 i=0 

In particular, when q = n — 1, as m ^ oo, we have the asymptotic Riemann-Roch theorem 

n—l n—1 „ 

(2.14) ^(-lydimffUX) = / | det (a:) + 

j=0 3=0 bx(i) 

From Theorem 12.51 we can repeat the procedure in the proof of Corollary [2^ with minor 
change and get Demailly’s strong Morse inequalities. We refer the readers to the book by 
Ma-Marinescu [f27|] for the heat kernel approach of Demailly’s Morse inequalities. 

When q= 1, from the strong Morse inequality in Theorem 12. 5 1 we have 

- dim//”„(A') + dim/f;,„(.Y) 

77l/^ ^ f 

det Cx\dvx{x) -/ | det Cx\dvx{x) + m —)■ oo. 

27r" Jx{o) 

The inequality (I2.15D implies that 

Theorem 2.6 (Grauert-Riemenschneider criterion). Let X be a compact connected CR man¬ 
ifold with a transversal CR -action. Msume that dimRX = 2n — I, n > 2. If X is weakly 
pseudoconvex and strongly pseudoconvex at a point, then as m ^ oo 

(2.16) dimW°„j(X) dimH^,_^{X) = o(m”“^)/or g > 1. 

In particular, we have dimif°(X) = cx). 

Proof Since X is a weakly pseudoconvex manifold and strongly pseudoconvex at least at a 
point, we have X{q) = (h for every g > 1 and X (0) contains a ball. By the weak Morse in 
Theorem 12.21 we have dimW^,,^(X) = o(m’^“^) for g > 1 as m —)■ cx). By the weak Morse 
inequalities for g = 0 and (I2.15D . we get the conclusion of (I2.16D . Using the Fourier decom¬ 
position (I1.22D . we have dimW°(X) = cx). □ 

Theorem 12.61 implies a new proof of Grauert-Riemenschneider conjecture (Siu’s criterion) 
as stated and solved by Siu [fsbll . IIBTI Theorem 1] and Ma-Marinescu [f27l Theorem 2.2.27 

(i)]. 

Corollary 2.7 (Grauert-Riemenschneider conjecture, Siu’s criterion). Let M be a compact 
Hermitian manifold and let {L, h^) be a Hermitian line bundle over M. If L is semi-positive and 
positive at a point, then L is big. 

Proof Applying Theorem 12.61 to the circle bundle of L we get the conclusion of the corollary. 

□ 


( 2 . 15 ) ^ m’'' 


271 ^- 
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Demailly |[9l Theorem 0.8(a)] and ll^ Theorem 2.2.27(ii)] proved a more general form 
of the Grauert-Riemenschneider conjecture, namely that if the integral of ci{L,h)^ over 
the set of points for which ci{L,h) has one or fewer negative eigenvalues is positive (i.e. 
/m(<i) > 0^’ then L is big and M is Moishezon. 

If we set \detCx\dvx = Jx(o) \deiCx\dvx — \detCx\dvx and assume that the Levi 

form of CR manifold is not always semi-positive but that the integral \detCx\dvx > 0, 

then by (I2.15D we still get many CR functions: 

Theorem 2.8. LetX be a compact connected CR manifold of dimension 2n — l with a transversal 
CR -action. Assume that 

(2.17) [ \detCx\dvx > 0. 

Then dimHj^^{X) ^ as m ^ oo. In particular, dimiT°(X) = oo. 

Theorem l2.8l is the analogue of Demailly’s criterion [[^ Theorem 0.8(a)] and Il27l Theorem 
2.2.27(ii)], for CR manifolds with transversal CR S'^-action and actually implies this criterion 
if applied to the Grauert tube. Theorem 12.81 shows that one can allow the Levi form to be 
negative in a controlled way and still have a lot of CR functions. 


2.1.1. Morse inequalities for m —oo. In the main results above, we only consider the Morse 
inequalities for the positive Fourier component dimif^,^(X) as m —)■ oo. In fact, we also have 
the Morse inequalities for the negative Fourier component H^,^{X) as m —)■ — oo. Based on 
the same arguments as in the proof of the main results, the bounds for Hl^{X) for m —)■ — oo 
will be given in terms of integrals of the Levi form of X over the sets X(n — 1 — q). More 
precisely, we have 


Theorem 2.9. Let X be a compact connected CR manifold with a transversal CR S^-action. 
Assume that dim^X = 2n — 1, n > 2. For every g = 0,1,2,..., n — 1, as m —)■ —oo, we have 

in—1 /* 




m 


dei Cx\dvx{x) + o{\mf ^), 


27r^ 


I X(n-l-q) 

(2.18) , , 

Y.(-ir>AnaHux) / 

i=o j=o 


dei Cx\dvx{x) + o{\mf ^). 


V(n-l-i) 


In particular, when q = n — 1, as m ^ —oo, we have the asymptotic Riemann-Roch theorem 


n—1 


in-1 n-1 


10 -i n 

(2.19) ^(-l)MimiT^^„^(X) = ^(-1)^ / \det Cx\dvx{ 

j—Q „_n J X(n-l-j) 


x) + o{\m 


n—1\ 


i=o 


From Theorem 12.21 Theorem [23] and Theorem 12.91 we deduce 


Theorem 2.10. Let X be a compact connected CR manifold of real dimension 2n — 1 with a 
transversal CR S^-action. Let q G {0,1, • • ■ , n — 1}. JYssume that the Levi form of X has q 
non-positive and n — 1 — q non-negative eigenvalues everywhere. Then 

dim/L^„,(X) = as m ^ oo, for j q 

( 2 . 20 ) 

dimi7^,,j(X) = o{\mf~ ), as m ^ —oo, for j n — 1 — q. 

If moreover the Levi-form is non-degenerate at some point, then 

diniH^,,^{X) ^ as m ^ oo 

(2.21) dimHff^~‘^{X) ^ as m ^ —oo 

dimi7^(X) = oo, dimi7^~^~^(X) = oo. 
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In particularly, if X is weakly pseudoconvex and strongly pseudoconvex at a point, then 

dim.Hff^{X) ^ \mf~^ as m ^ —oo 

and in particluar dimHf~^{X) = oo. Moreover, dimH^{X) = o{\m\'^~^) as m ^ —oo for 
q <n — 2. 


2.2. Proofs of Theorem 12.11 and the weak Morse inequalities. Fix xq e X and choose 
canonical local patch D near xq with canonical coordinates {z, 6, p) such that {z, 6, p) is trivial 
at xq. Write D = D x {—S, 6),D = {z E : |z| < e:}. In this section, we always treat D as 
an open subset of with the complex coordinates x = (xi,..., Zn-i). We choose the fixed 
Hermitian metric given on T*^’^D defined in Remark [1.201 and extend it to T*^’'^D. We still 
use the notation (-I-) to denote the Hermitian metric on Let u E Ll^{X). From the 

definition of we have that Tu = imu. Then on D, u = u{z)e^'^^ with u{z) E 

and u{z) = ■ Before the proof of the weak Morse inequalities, we first need 

the following lemma 


Lemma 2.11. For all u E VFff{X), on D we have 






( 2 . 22 ) 

=r*,2m(/p . 

7 I 

Proof Letu = ■ Then aftU = 

tion ( 

Then 


Recall that ($ as in the discussion before (11.50ft and given by (11.521) . 


\J\=q ( dzj * dzi 89 


tion of the Lemma 12.111 Tu = imu which implies that on ^ — 


89 


f) dzj A dz'^. By the assump- 


= imuj on D for every J. 


n—1 


(2.23) 


^\J\=g^ \dzj 

j=i \ j 


+ m 


dp{z) 


dzj 


Uj I dzj A dz"" 


n—1 


= e 


imO 


E' E 


i=i 

where u = on D, u{z) = uj{z)dz'^. Set v{z) 

|./|=g 

Then 


( ^ 
V^7 


dp{z) 


dz 


_l_ yj J dzj A dz'^, 


= = 


) = vjizidz'^. 

> X^\j\=q > 


(2.24) 


dvj 


d 


= p^{uj{z)e^^) = 


dz, dz 


du, 

dzn 


+ m 


dz, 


-uj 


Substituting (12.241) to (12.231) we get the conclusion of the first identity of Lemma 12.Ill 


Since e on D, we write df,u = 


AmO 


v{z), v(z) E Take x(d) e 


Cf^((—d,d)) with f x(d)dd = 1. Let g E ^{D). We have 
(2.25) (dlu\e-'^”^^’>g(z)x(e)e<’"'>) = (e*'"''-5(.-)|e-"'"-‘‘>9(2)x(e)e-”“‘) = {v{z)\g(z)h.„^. 

On the other hand, from the proof first identity of Lemma [2.Ill we have 

(dlu\e-^^^^^^g{z)x{9)d""^) = {u\db{e-^"^‘^^^^g{z)x{9)d^^)) 

= {u\x{9)d"'^e-^^^^A{e-^^^^^g{z))) + {u\{-i)x'{9)e^^%-^^'^^^Ap A g{z)) 

= {e^^^^^F{z)\die-^^^^^giz))2m,, = 

From (12.251) and (12.261) . we get 

(v(z)\s(z)) 2 ..^ = (e-’"^<‘'y-'"”’(e">^6)|9(2))2„,, Vg e !)?’«(£>). 
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and hence 

e-^^%u = v = on D. 

We get the second identity in Lemma 12.111 The third identity can be deduced directly from 
the other two identities. 

□ 


For any M e Here J = (ji,-- - ,jq) with 1 < ji < • • • < 

jq < n — 1, A • • • A and {ejj'Jzl is the orthonormal frame chosen in Lemma [1.191 

Set Slj{ x) = sup |mj(x)P which is the extremal function along the direction e'^. 

ueHl^{X),\\u\\ = l 

We can repeat the proof of Lemma 2.1 in [fl^ and conclude that 

Lemma 2.12. For every local orthonormal frame {e'^ : \J\ = q, strictly increasing} ofT*^'^X 
over an open set D, we have for y & D 

(2.27) = 

Now we are going to prove Theorem 12.II and the weak Morse inequality. 


Proof Fix xq e X and choose canonical local patch D = {{z,9) : | 2 ;| < e, \9\ < 5} with 
canonical coordinates {z,9,ip) such that {z,9,ip) is trivial at xq. For any u G FLl^{X) with 
||m|| = 1, on H we have u{z,9) = u{z)e^'^^. Set Vra{z) = G D. Then from 

Lemma [2.Ill olfl^u{z, 9) = 0 and ||m|| = 1 we deduce that on D, 


(2.28) 


= 0 and 



vUz)fe-^^^^^^X{z)dv{z) < 


1 


where is as in (I1.52D . Set U(m)(^) = 'm ^"2 Then by (I1.51D and (I2.28D 

we have 


(2.29) 


= 0 ^nd 






)dv{z) < 


1 


for any r < logm when m is large. From Proposition 11.211 and (I2.29D . there exists a constant 
C' g 5 > 0 independent of m and the point xo such that 


(2.30) 




||2 

'^2mF^<p,s+2,Dr 


< CUs- 


Since X is compact we can choose 6 which is independent of xq. For s >2n — 2, from (I2.30D 
and by Sobolev embedding theorem, there exists a constant C which is independent of xq, m 
such that 


(2.31) m ^V(xo)P=m ^^|m(0)|^ = |F(„i)(0)|^ < C". 

From (I2.31D and Lemma [2.121 we get the conclusion of the first part of Theorem 12.11 

Fix \J\ = q, J is strictly increasing. There exists a sequence Um,, G 'Hl^^{X) with ||Mmfc|| = 1 
such that 

(2.32) limsupm"(""^)S'^ j(xo) = Urn mf^"'~^^\um^j{xo)f. 

m-^oo ’ k^oo 

Tumu = i'rnkUmk implies that on D, we have = UjnAzY'^’"^■ Since = 0, from 

Lemma [2.11l we have 

(2.33) = 
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Moreover, 

(2.34) 


= / \um;,{z)fX{z)dv{z) 


’ D 


ID 


1 


\umk\‘^X{z)dv{z)d6 < 


’D 


26 


(ri 1) / z \ 

Similarly, set V(mfc)(^) = mk ^ ^7^^‘ from (I1.51D . (I2.33D and (I2.34D we 

have 


(2.35) 
and 

(2.36) 


^ Diogmui 


'A, 


og mj. 




m. 


For any r > 0 with Dr C £)iogm when m >> 1, by Garding’s inequality we have 


(2.37) \\Vi^mu)\ 


‘imu:F^^ip,s+2,. 


2,Dr - {\\'^{mk)\\2mkF^^.f,D2r + H H ¥P,s,n2,) ’ 

where Cr,s > 0 is a constant independent of mk- Combining (I2.35D . (I2.36D and (I2.37D we 
have ||'S(mfc)|l 2 ,„p. (,5 s +2 P — where C'r,s ,5 > 0 is a constant independent of m^. We extend 

V(mk) to C"“^ by zero outside Diogm^ still denoted by F(mfc)- By Sobolev compact embedding 
theorem, there exists a subsequence of {u(mfc)(^)} which is denoted by {v(rrn:.){z)} such that 

(2.38) ^v= Y^vj{z)dX^ e in C°°{K) topology, VK d 

\J\=Q 

From (I2.35D . (I2.36D . fl2.38D and (I1.56D . we can check that 

(2.39) 
and 


□Siti' = 0 


(2.40) 


ICn-l 


\v{z)fe-^'^°^^^dv{z) < 

26 


Recall that 4 * 0 ( 2 :) = Combining (I2.39D and (I2.40D . we have 


(2.41) 




Here, S'jj,„_i(0) is the extremal function along the direction dz'^ on the model space C” ^ 


with respect to complex Laplacian > that is 


S'^j,„-i(0) = sup{|Mj(0)p : u e = O^y ^‘^°^'^'^dv{z) = 1}. 

From (I2.32D . (I2.38D and (I2.41D . we have 

(2.42) 

limsupm"(""^)5^ j(a;o) = lim j(a:o)P = hm |v(mfc,)(0)l^ = l'^j(0)P < j(0) 

V ’ j—^■oo ^ 3 -7— 3 /n ’ 


j^oo 


From (I2.42D and Lemma [2. 121 we deduce that 


(2.43) limsupm ^^n^(a:o) < ^ limsupm ^ (0)- 


By Proposition 4.3 in [I3|, we have that 


(2.44) 


■ ■ ■2A„_i| • lx(<?) 


( 2 : 0 ) • 
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From (I2.43D and (I2.44D . we have 

(2.45) limsupm-(’"-^)n^(xo) < ^ • 7r4^l det£^J • lx(q)(a;o)- 

m^oo ^0 ZTT 

When xq G X^, by Lemma [1.181 5 can be chosen to equal to | — e, for every e > 0. From this 
observation and (I2.45D . we deduce that 

(2.46) limsupm"^”"^)n^(x) < ^ ■ \ |det£^| • lx{q){x),\/x e Xk 

m-^oo /TT ^ 

and Theorem 12. II follows then. 

From Lemma [T~4l Theorem l2.1l and by Fatou’s lemma we obtain the weak Morse inequali¬ 
ties and get the conclusion of Theorem 12.21 □ 

Now we are going to prove Theorem 12.41 and the strong Morse inequalities. 


2.3. Proofs of Theorem 12.41 and the strong Morse inequalities. In this section, we will 
establish the strong Morse inequalities on CR manifolds with transversal CR S'haction. We 
first recall some well known facts. From Theorem 11.131 we know that has discrete 
spectrum, each eigenvalues occurs with finite multiplicity and all the eigenforms are smooth. 
For (T G M, let 'Hl^^^{X) be defined as in (12.9D . Similarly, let 'Hlrn>aiX) denote the space 
spanned by the eigenforms of whose eigenvalues are > a. 

Let Qb,Tn be the Hermitian form on Ll^^{X) defined for u,v e Ll^^{X) by 

Qb,m{u,v) = {dbu\dbu) + {dlu\dlv) -f (m|u) = + {u,v). 

Let Ylm^{X) be the completion of Yl^^{X) under the Qb,m in Lfog) mi^)- A > 0, we have 
the orthogonal spectral decomposition with respect to Qb,m 

(2.47) W{X) = K,r..<, 0 KXJX), 

where >^(X) is the completion of >^(X) under Qb,m in ^(X). For the proof of 
Theorem 12.41 we need the following 


Proposition 2.13. For any p G X(g) fi Xreg, there exists am G Ll^^{X) such that 

(1) lim ^ |_ 

m^oo 

(2) lim llomll^ = 1. 

m^oo 


(2.48) 


(3) lim 


m a. 


= 0,Vfc G N. 


(4) There exists 6m independent of p, 5^ —^ 0 such that 


(m ^\J^^l^am\am^ < 6m- 


We now fix p G X(g) n Xreg. Let D = D x (—vr, vr) be a canonical local patch with canonical 
coordinates {z,6,(p) such that {z,6,ip) is trivial at p. We take D = {{z,6) G ; |z| < 

£, \6\ < tt} = D X (—7r,7r). By Lemma [1.171 this is always possible. Until further notice, we 
will work with {z, 6, p) and we will use the same notations as in Section 1.4. Before the proof 
of Proposition 12.1^ we claim that one can find u{z) G such that 

n2So“(^) = / \uiz)fe-^'^°^^Uv{z) = 

(2.49) 

and |m( 0)|2 = ^|Ai(p) ■ ■ ■ A„_i(p)|. 
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Recall that <l) 2 #o is given by (I1.55D . Proof of the claim: We assume that the first q eigenvalues 
of the Levi-form are negative, that is, Ai < • • ■ < < 0 < Ag+i < ■ • ■ < An-i- Set 


(2.50) 


u(w} = 


|2Ai ■ ■ • 2An_i| 1 \ ^ 


A • ■ ■ A dw„. 


(27r)” ^ 27r^ 

It is easy to check that the form u{w) satisfies the claim. Now we are going to prove Proposi¬ 
tion [2]l3 

Proof We choose cut-off function y such that y(z) e with y = 1 in a neighborhood 

of Di and suppy d Di. Here, Dr = {z e : \zi\ < r, • • • , \zn-i\ < r}. Choose a function 
ri{t) G C°°(M) satisfying 0 < ri{t) < 1 such that T]{t) = 1 when t > vr^ and ri{t) = 0 when 
t < ^. Set rirn{d) = — 9‘^)\og^m),m 6 N. Then rjrn{9) is a family of cut-off functions 

with suppr/m <E (—TT,tt). Moreover, we have that lim rjmiO) = 1, a.e. 6 G and 

m—^oo 

\Vm\ < 1, WMl = O(log^m), \r]'^{e) \ = O(log^m). Define 


(2.51) 


Um{z,6) = m"^\{y/mz)e ) rim{,0)D'^\ 

logm 


where u{z) G is as in (I2.50D . Then Um G with suppu^ d D. Set am = 

QmUm- Then on D we have 

(2.52) ' ^ 

From (I2.51D we have 


am{z,e) = ^l Um{z,t)e-^^^dtD^<^ 


Jx \\ogmJ 


(2.53) 


Vm{e)de 


^n—1 1 


{\/mz 


m \u(\/mz}\ e 




' D 


log T 


mz 


logm 


X{z)dv{z) 


< 271 


{■s/mz 


m u[\/mz} e 


'X 


ID 


log m 
\/rn 


mz 


logm 


X{z)dv{z). 


Taking limits as m ^ oo and from the construction of u{z) in (I2.49D . we have 


(2.54) 
Since on D 


limsup < 27r / \u{z)fe ‘^^°^^^dv{z) = 27r x — = 1. 

m—^OO /(Pn—1 27r 


CUmi^Z^ 0 ) Q mUmi^Zy 0 ) 


27r 


— TV 


(2.55) 


1 


n—l 


Um{zyt)e-^^^dtD^^ 


L,r log ^ 


= (^/ qm{t)dt^m'^-i\{^/mz)e 


AmO 


= Cmin 2 u{\/fnz)e 


X 


mz 


logm 


AmO 


Here Cm, = A f- hm{t)dt- Then by Fatou’s lemma, we get lim Cm = 1- We have 


(2.56) 


m ^">\am{p)\^ =m 0)|^ = c^|m 


2 _ „2 L,^nM2 _ 2 

^-rr 


|Ai(p)---An_i(p)| 

27r^ 
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Taking limits in (I2.56D as m —>■ cxo, we get the conclusion of the first part of Proposition [ZTSl 
From (I2.55D . we have 


lim 

m^oo 


\am{z, 9)f X{z)dv{z)d9 


D 


(2.57) 


= lim 27r 

m^oo 


^n—1 


'D 


X{z)dv{z) 

\ log m J 


= 2n 


l£n-l 


\u{z)\^e = 27r X — = 1. 

27r 


This implies that lim inf ||am|P > 1- From (I2.54D and the definition of am we have ||am|P < 

m^co 

ll^mlP < 1 which implies that limsup||am|P < 1- Thus we have lim ||am|P = 1- Thus we 

m—^oo m^oQ 

get the conclusion of the second part of Proposition 12.131 Now we postpone and state the 
following lemma 


Lemma 2.14. 


(2.58) 


I— 'h — I— 

m ra 


m 2 u{y/rnz)e 


mz 


1 n—l __ 

= —m 2 
m 




logm 
mz 


logm 


e^^%m{9) 

VmiO)+£m, 


where ||e:m|| < ^m, Is a sequence independent of p with <5^ —^ 0 as m —>■ oo. 


Proof Let be the orthonormal frame of over D given in Lemma [1.191 Let 

be the dual frame of with respect to the given T-rigid Hermitian metric on 

CTX. Then on D 

d d d 

(2.59) Uj = + — = l,...,n-l. 

By a direct calculation (see Proposition 2.3 in llT^ ) 


n—l n—l 

(2.60) ^ U*Uj + ^ A (e^A)* o fJ j,TTf\ + e{U) + e{U*) + zero order terms, 

j=l j,k=l 


n—l 


where U* is the formal adjoint oiUj, e{U) denotes the remainder terms of the form Yh 9)Uk 

k=l 

with Uk smooth and similarly for e{U ). Then by a direct calculation we have 


(2.61) 


= —m"2 

m m 


u{\/mz)e 


mz 


logm 


AmO 


qm{9) 


+ — U{U*)um{,z,9)\ p'A^)0{\z\) + — {e{U)Um{,Z,9)) Vm{^)0{\z\) 
mV / m 

+ ^Um{z, 9) [n'A^)0{i) + vMO(\z\) + (0)O(|^n]. 


1 


= —m 2 □ 




m 


u(\/mz)e 



^m(^) T £m 


Here, we have used Sm to denote the remaining terms of (12.611) . Then by the construction 
of Pm we can check that Sm = where a, (3 are positive constants. Thus the lemma 

follows. □ 


21 
































Chin-Yu Hsiao & Xiaoshan Li 


Morse inequalities on CR manifolds with action 


Now we are going to prove the third part of Proposition 12.131 we only prove it when k = 1 
and the other cases are similar. From Lemma [2.11l we have 


(2.62) 


u{\/mz)x I F - I e 


logm 


_ —m93|—](<?) 

~ ^ ^ '-^2rrvf 


u{Vmz)x 


mz 


logm 


From (I1.51D . (I1.56D and m = 0, it is straightforward to check that 


f 

1 

to 1 


Vm{9) 

Jx 

m 

ylogm / 



—m e U 2 
m ^ 


u{y/mz)x 


mz 


logm 


Vm{0) 


dvx 

e-‘^^‘p(^)X{z)dv{z)de 


(2.63) 


\vmio)fde 

\r]m{0)\‘^de 




m 


(m) 


2m(f 


u{z)x 


u{y/mz)x 

2 


mz 


logm 

'm 


e-^rn^(-)\^z)dv{z) 


< 271 


□ 


( 9 ) 

(m) 


u{z)x 


logm 


logm 

< 6^, 

m 


where > 0 is a sequence independent of p with lim^^oo = 0. Combining (I2.58D . (I2.63D 
and notice that \\m~^n^f^am.\\ < \\m~^nl^^Um\\ we get the conclusion of the third part of this 
proposition. (2) in Proposition [2]T3] and (I2.63D imply (4) in this proposition. □ 


Now we are going to prove Theorem 12.41 The proof of (I2.10D is essentially the same as 
the proof of (12.3D . Therefore we omit the detail. Let be the sequence we have chosen in 
Proposition [m Then am = e 0^,2 e Since 


(2.64) llUmgll — (cim2|Um,2) ^ f^l- 

mVm. V 


) = — ( -D'fLa 




1/1 


Vm. \m 


1 ( 9 ) 


-‘b,m'^rn 


Um,2 I <- > 0. 

Vm 


From (I2.64D and (2) in Proposition 12.131 we get 

(2.65) lim ||am,i|| = 1- 

m—)-cxD 

Now we claim that 

(2.66) lim m“^’*“b|Q,^ 2 (p)p = 0. 

m—^oo 

On D, we write am, 2 {z, 9) = dm, 2 {z)e^'^'^. Set (3m,2{z) = dm, 2 {z)e"^‘^^^f Then 

lim m“^"'“b|Q,^ 2 (p)|^ = lim 0:^,2 

m—^oo ’ m^oo 

= lim = lim \(5{m),2ifi)?■ 


(2.67) 


Here we used the notation \l3(^m),2{z)f = m i)|/3^2(^)p. 

From Lemma [2.11l we have 

(2.68) □“ (a„,2) = (S„.2(2)e”'’''>) = 

From (I2.68D and using induction, we get on D 

(2.69) (□i”)‘a™,2 = 

By Garding’s inequality (see Proposition 1 1.2 ID and Sobolev embedding theorem, we see that 

(2.70) |/?(m), 2 ( 0 ) 1 ^ < Cn,r {\\ld{m), 2 \\ 2 mFX 7 >,Dr + II ^(m) AH.S II 2mF,^,(/j,n,r),. 
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for some r > 0. Here Cn,r is a constant independent of p and m. Now, we have 


(2.71) 


IIAm), 


2\\2mF^ip,Dr — \\(^m,2 


0 . 


Moreover, from Garding’s inequality and using induction (see Proposition II .21^ . we have 


(2.72) 


ID 


n+1 




k=l 


2mF^^p,D^, 


for some r' > 0, where C" > 0 is a constant independent of m. From (I2.69D and (I1.51D we 
can check that for A; G N, 


(2.73) 


□ 


(<?) 

(m) 






2mF^ip,D^, 






k \ ^b 


<C, 




k V 


—)■ 0 , 


where Gi > 0 is a constant independent of m. Combining (I2.70D . (I2.71D . (I2.72D with (I2.73D . 


we have lirnm^-oo |/S(m), 2 ( 0 )P = 0. From (I2.67D we have lim,, 


, m 


-(n-l) 


am, 2 {p)? = 0 the 


m^oo ZTT'^ 


claim (I2.66D follows. From (I2.66D and (1) in Proposition l2.13l we conclude that 

(2.74) 

Now, 

(2.75) 

By a similar proof of (12.5D . we have 

(2.76) 

Combining (I2.75D with (I2.76D . we get the conclusion of Theorem 12.41 


I — ll„. 112 27r’^ 


Oim,l 


limsupm 

m^cxD 


3. Appendix 

3.1. Proof of Lemma [T!4l 

• 27r 

Proof Set Xj = {x E X ■. ox = x and V 0 < l^l < y, 7 ^ x}. We call such x the points 
in X with period y. Then Xreg = Xi by definition. There are only finite Xj,l < j <m such 
that X = UJLi Then Xj n = 0, Vj 7 ^ k. Now we are going to show that 1 J ^2 ^ 

closed subset of X. We assume there exists a sequence {xfc} C UJL 2 ^i such that Xk xq. 

• 27r 

W.L.O.G, we assume that the {x^} C Xj for some J> 2 . Then we have e* ^ o Xk = Xk- Taking 

• 27r 

limits as k ^ 00 we have 0 x 0 = xq. By definition, xq ^ A'reg. Thus xq G [j]L 2 ^j- This 
means that IJJI 2 ^ closed subset of X and the complement X^g is an open subset of X. 
Second, we are going to check that the measure of X \ Xreg is zero. Set = {x G X : 

• 27r 

e*T o X = x}, 2 < j < m. Obviously that Yj is a closed subset of X and Xj (Z Yj,2 < j < m. 
Now we will show that the measure of , 2 < j < m is zero and for convenient we only show 
that the measure of Y 2 is zero. We use m{Yj) to denote the measure of Yj for 2 < j < m. If 
Y 2 = 0 , we have 771(^2) = 0 . Now we assume that Y 2 7 ^ 0 . For any p G I2, we have op = p. 
With the rigid Hermitian metric on X, it is easy to check that the map : X —)■ X is an 
isometrically CR isomorphism. Since e™ op = p we have : TpX —)■ TpX. Here TpX is the 
tangent space of X at p. There exists a small neighborhood Uoj, of Op G TpX such that the 
exponential map 

(3.1) expp : Uop exp^^Uop) := Vp C X 


23 





















































Chin-Yu Hsiao & Xiaoshan Li 


Morse inequalities on CR manifolds with action 


is a diffeomorphism. Then for any q G Y 2 nVp, there exists a vector Zq G Uop such that 
exp{Zq) = q. Since o g = q, we have that e*’^(expp(Zg)) = q = expp(Zq). The isometric map 
e™ ■. X ^ X implies the commutation between and the exponential map and we have 
that 

(3.2) expp ode''^{Zq) = e*’" o expp(Zq) = q = expp{Zq). 

Since ||(ie*’^(Zq)|| = \\Zq\\, we have that de^'^{Zq) G Uo^. Combining with (I3.1D . we get 
de^'^{Zq) = Zq. This means that Zq is a fixed point of the linear map : TpX —)■ TpX. 

Set H = {Z e TpX : de^'^Z = Z}. By (I3.1D and (I3.2D we have that 

(3.3) expp{Uo,nH) = VpnY2. 

Since Y 2 is a closed subset of X, From (13.3D we have that H must be a proper linear subspace 
of TpX. Then (13.3D implies that m{Y 2 ) = 0. Similarly, we have m{Yj) = 0, V2 < j < m. From 
Xj c Yj, 2 < j < m, we have that m{Xj) = 0,2 < j < m. Moreover (13.3D implies that Y 2 is 
a nowhere dense subset of X, similarly, Yj,2 < j < m are nowhere dense subset of X. Since 
Xj C Yj , 2 < j < m, we have that Xreg is a dense subset of X. □ 

Acknowledgement 

The authors would like to express their gratitude to Professor Xiaochun Rong for the helpful 
communications on group actions and Hendrik Herrmann for useful discussion in this work. 
The authors are grateful to Professor Marinescu for comments and useful suggestions on an 
early draft of the manuscript. We also thank the referee for many detailed remarks that have 
helped to improve the presentation. 

References 

[1] A. Andreotti and Y. -T. Siu, Projective embeddings of pseudoconcave spaces Ann. Sc. Norm. Super. Pisa 
24, 231-278, (1970). 

[2] M.-S.Baouendi and L.-P. Rothschild and F. Treves, CR structures with group action and extendability of 
CR functions, Invent. Math., 83 (1985), 359-396. 

[3] R. Berman, Bergman kernel and local holomorphic Morse inequalities, Math. Z., 248 (2004), 325-344. 

[4] J. Bland, Contact geometry and CR structures on Acta Math., 172 (1994), 1-49. 

[5] L. Boutet de Monvel, Integration des equations de Cauchy-Riemann induites formelles, Seminaire 
Goulaouic-Lions-Schwartz 1974—1975; Equations aux derivees partielles lineaires et non lineaires. 
Centre Math., Ecole Polytech., Paris, 1975, Exp. no. 9, pp. 13. 

[6] D. M. Burns, Global behavior of some tangential Cauchy-Riemann equations. Partial differential equa¬ 
tions and geometry (Proc. Conf., Park City, Utah, 1977), pp. 51-56, Lecture Notes in Pure and Appl. 
Math., 48, Dekker, New York, 1979. 

[7] S. C. Chen, M. C. Shaw, Partial differential equations in several complex variables,AMS/IP Studies in Ad¬ 
vanced Mathematics, 19, American Mathematical Society, Providence, RI; International Press, Boston, 
MA, 2001. 

[8] J-H. Cheng, C-Y. Hsiao and I-H. Tsai, Index theorems on CR manifolds with actions, 
arXiv:1511.00063, 

[9] J.-P. Demailly, Champs magnetiques et inegalites de Morse pour la d”-cohomology, Ann. Inst. 
Fourier(Grenoble) 35 (1985), 189-229. 

[10] J. -P. Demailly, Holomorphic morse inequalities. In several complex variables and complex geometry. 
Part 2(Santa Gruz, CA,1989), Proc. Sympos. Pure Math., vol.52 pp.93-144. Amer. Math. Soc., Provi¬ 
dence (1991). 

[11] J.J. Duistermaat and G.J. Heckman, On the Variation in the Cohomology of the Sympleetic Form of the 
Reduced Phase Space, Invent. Math., 69(1982), 259-268. 

[12] G. L. Epstein, CR-structures on three dimensional circle bundles. Invent. Math., 109 (1992), 351-403. 

[13] F.Q. Fang and X. C. Rong, Fixed point free circle actions and finiteness theorems, Gommunications in 
Gontemporary Mathematics, 1(2) (2000), 75-86. 

[14] H. Grauert, Uber Modifikationen und exzeptionelle analytische Mengen, Math. Ann., 146 (1962), 331- 
368. 


24 















Chin-Yu Hsiao & Xiaoshan Li 


Morse inequalities on CR manifolds with action 


[15] H. Grauert, Theory of q-convexity and q-concavity, Several Complex Variables VII, H. Grauert, Th. 
Peternell, R. Remmert, eds. Encyclopedia of Mathematical Sciences, vol. 74. Springer, 1994. 

[16] C-Y. Hsiao, Projections in several complex variables, Mem. Soc. Math. France Nouv. Ser.123 (2010). 

[17] C.-Y. Hsiao, Existence of CR sections for high power of semi-positive generalized Sasakian CR line bun¬ 
dles over generalized Sasakian CR manifolds, Ann. Glob. Anal. Geom., 47(1) (2015), 13-62. DOI 
10.1007/S10455-014-9434-0. 

[18] C-Y. Hsiao, Szego kernel asymptotics for high power of CR line bundles and Kodaira embedding theorems 
on CR manifolds, arXiv: 1401.6647, to appear in Memories of American Mathematical Society. 

[19] C-Y. Hsiao and G. Marinescu, Szego kernel asymptotics and Morse inequalties on CR manifolds, Math.Z., 
271 (2012), 509-553. 

[20] C-Y. Hsiao and G. Marinescu, Asymptotics of spectral function of lower energy forms and Bergman kernel 
of semi-positive and big line bundles. Comm. Anal. Geom. 22(1) (2014), 1-108. 

[21] C-Y. Hsiao and G. Marinescu, On the singularities of the Szego projections on lower energy forms, 57 
pages, preprint available at arXiv: 1407.6305, 

[22] C-Y. Hsiao and X. Li, Szego kernel asymptotics and Morse inequalities on CR manifolds with action, 
arXiv: 1502.02365, 

[23] J. J. Kohn, The range of Cauchy-Riemann operator, Duke math. J., 53 (2), (1986), 525-545. 

[24] L. Lempert, On three dimensional Cauchy-Riemann manifolds. Jour. Amer. Math. Soc., 5(4) (1992), 
923-969. 

[25] G. Marinescu, Asymptotics Morse inequalities for pseudoconcave manifolds, Ann. Scuola Norm. Sup. Pisa 
Cl. Sci. 23(1) (1996), 27-55. 

[26] X. Ma and G. Marinescu, The first coefficients of the asymptotic expansion of the Bergman kernel of the 
spine Dirac operator, Int. J. Math. 17 (2006), no. 6, 737-759. 

[27] X. Ma and G. Marinescu, Holomorphic Morse inequalities and Bergman kernels Progress in Mathematics, 
254. Birkhauser Verlag, Basel, 2007. xiv-l-422 pp. 

[28] E. Meinrenken, Group actions on manifolds. Lecture Notes, University of Toronto, Spring 2003. 

[29] H. Rossi, Attaching analytic spaces to an analytic space along a pseudoconvex boundary, Proc. Conf. on 
Complex Manifolds, pp. 242-256. New York: Springer 1965. 

[30] Y.-T. Siu, A vanishing theorem for semipositive line bundles over non-Kdhler manifolds, J. Differential 
Geom. 19 (1984), no. 2, 431-452. 

[31] Y.-T. Siu, Some recent results in complex manifold theory related to vanishing theorems for the semipositive 
case. Workshop Bonn 1984 (Bonn, 1984), 169-192, Lecture Notes in Math., 1111, Springer, Berlin, 
1985. 

Institute of Mathematics, Academia Sinica, 6F, Astronomy-Mathematics Building, No.l, Sec. 4, 
Roosevelt Road, Taipei 10617, Taiwan 

E-mail address: chsiaoOmath.sinica.edu.tw or chinyu.hsiao@gmail.com 

School of Mathematics and Statistics, Wuhan University, Hubei 430072, China & Institute of 
Mathematics, Academia Sinica, 6F, Astronomy-Mathematics Building, No.l, Sec. 4, Roosevelt Road, 
Taipei 10617, Taiwan 

E-mail address: xiaoshanli@whu.edu.cn or xiaoshcLnli@math.sinica.edu.tw 


25 



